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Abstract A Plastic Quantum Walk admits both continuous time and contin-
uous spacetime. The model has been recently proposed by one of the authors
in [1], leading to a general quantum simulation scheme for simulating fermions
in the relativistic and non relativistic regimes. The extension to two physical
dimensions is still missing and here, as a novel result, we demonstrate neces-
sary and sufficient conditions concerning which discrete time quantum walks
can admit plasticity, showing the resulting Hamiltonians. We consider coin
operators as general 4 parameter unitary matrices, with parameters which are
function of the lattice step size ε. This dependence on ε encapsulates all func-
tions of ε for which a Taylor series expansion in ε is well defined, making our
results very general.
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1 Introduction
Confronted with the insufficiency and intractability of classical computers’
abilities to simulating quantum systems, the idea of simulating quantum sys-
tems with quantum computers was born. Such inefficiencies with classic com-
puters were notably pointed out by Feynman [2], which sparked quantum simu-
lation schemes to be the subject of much attention over the last few decades [3].
Some of the methods being used for simulating quantum systems implemented
over discrete space continuous time lattices consist of constructing a Hamilto-
nian which imitates a physical system, or trotterizing a constructed Hamilto-
nian to obtain unitaries [4,5]. Problems with these approaches are discussed in
Ref. [1] and include the breaking of Lorentz covariance as well as issues arising
when recovering a bounded speed of light. Discrete spacetime models are also
used to simulate quantum systems which do not share the difficulties of their
discrete space continuous time counterparts, such as the quantum circuit model
and the discrete time quantum walk (DTQW), the latter being the focus of this
work. Concerning the simulation of quantum systems by DTQWs, it has been
discussed in Ref. [6] that the continuous spacetime limit of various DTQWs
defined on the regular lattice in arbitrary dimensions is equivalent to cou-
pled Dirac Fermion dynamics with abelian [7,8,9] and non-abelian gauge field
[10,11,12] on curved spacetime [13,14,15,16]. Concerning the DTQWs abil-
ity to simulate discrete space-continuous time quantum systems, it has been
shown that the continuous time limit of the DTQW coincides to the continu-
ous time quantum walk (CTQW), which is equivalent to the finite-difference
Schrodinger’s equation [5]. Also, recently a quantum simulation scheme known
as a Plastic Quantum Walk has been developed which supports both a con-
tinuous spacetime limit and a continuous time-discrete space limit, and the
procedure for obtaining such a walk yields a curved spacetime Hamiltonian
for lattice-fermions with synchronous coordinates [1].
While this has opened the route for elaborating universal QW based sim-
ulators of interacting particles in relativistic (∆x ≪ 1) and non-relativistic
regime (∆x = 1), a generalisation to higher dimensional spacetime is missing
from that work. In this analysis we aim to do just that: introduce a novel
and very general method of computing a Plastic DTQW in 2D+1, where we
maintain the "spirit" of quantum walks as much as possible (i.e. we constrain
coin parameters to not depend on time or lattice position). This generality is
obtained by maintaining as many tunable parameters in our coin operators as
possible through the continuum limit and minimally constraining coin param-
eters to be any functions of the lattice step size ε for which a Taylor series
exists. As in [1] the necessity of an even stroboscopic step size for 2D+1 con-
tinuous time limits of DTQWs is also recovered, which is an original result.
Lastly, the continuous equations we obtain are original and very general as
well and recover the lattice fermion Hamiltonian in continuous time and the
Dirac equation in continuous spacetime in 2D with an opportune particular
choice of the parameters. This will lead to an alternative operational formal
model useful to the development of quantum simulators of gauge invariant
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models on the grid, in particular the Kogut-Susskind Hamiltonian [17] com-
pletely alternative to the standard formulation of lattice gauge theories [18].
Roadmap Section 2 presents the QW. Section 3 shows the different scalings
and continuous time limits it supports. Then in Section 4 we consider the sub-
set of sufficient and necessary conditions which allows the QW, called Plastic,
to admit both a continuous time and a continuous spacetime limit. Finally
Section 5 summarizes the results, and concludes. We added three appendices
for detailed proofs.
2 Model
We consider a QW over the 2D+1–spacetime grid. Its coin or spin degree of
freedom lies H2, for which we may chose some orthonormal basis {
∣∣vL〉 , ∣∣vR〉}.
The overall state of the walker lies in the composite Hilbert space H2⊗H
2
Z
and
may be thus be written Ψ =
∑
l,m ψ
L(l,m) |vL〉⊗|l,m〉+ψ
R(l,m) |vR〉⊗|l,m〉,
where the scalar field ψL (resp. ψR) gives the amplitude of the particle being
there and about to move left (resp. right) at every position (l,m) ∈ Z2. We
use (n, l,m) ∈ N × Z2 to label instants and points in space, respectively, and
let:
Ψn+1 =WΨn (1)
where
W = VxVy (2)
and
Vi = Si(Ci ⊗ IdZ) (3)
with Si a state-dependent shift operator such that
(SxΨ)n,l,m =
(
ψLn,l+1,m
ψRn,l−1,m
)
(4)
and
(SyΨ)n,l,m =
(
ψLn,l,m+1
ψRn,l,m−1
)
(5)
and Cx and Cy are elements of U(2) and depend on the four real parameters
δj , ζj , θj , and φj in the following way (where j = x or y):
Cj = e
iδjRz(ζj)Ry(θj)Rz(φj) = e
iδj e−iζjσz/2e−iθjσy/2e−iφjσz/2
= eiδj
(
cos
θj
2 exp−i
φj+ζj
2 − sin
θj
2 exp i
φj−ζj
2
sin
θj
2 exp i
−φj+ζj
2 cos
θj
2 exp i
φj+ζj
2
)
(6)
To investigate the continuous limits, we first introduce a time discretization
step ∆t and a space discretization step ∆ for both the x and y dimension.
We then introduce, for any discrete function Ψ appearing in Eq. (1), a field Ψ˜
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over the spacetime positions R+ × R, such that Ψn,l,m = Ψ˜(tn, xl, ym), with
tn = n∆t, xl = l∆, and ym = m∆. Eq. (1) then reads:
Ψ˜(tn +∆t) =WΨ˜(tn). (7)
Let us drop the tildes to lighten the notation. We suppose that all func-
tions are C2. In general the spacetime continuum limit, when it exists, is the
coupled differential equations obtained from Eq. (7) by letting both ∆t and
∆ go to zero, as for example in [7,6]. When we are interested in choosing to
let one of them go to zero, for instance ∆t, the result is a lattice Hamiltonian
equation. If the above walk admits both limit, we will call it Plastic.
In the following section we will investigate first the necessary and sufficient
conditions for the continuous time limit, as, usually is a sub-set of those to
recover the continuous spacetime limit.
2.1 Continuous time limit
In the following, we will find for which parameters δj , ζj , θj , φj , and τ (the
stroboscopic step size) the continuous time limit of Eq. (7) exists and converges
to:
HΨ(t) = i∂tΨ(t) = i lim
∆t→0
W τ − I
τ∆t
Ψ(t). (8)
In particular, ∆ remains finite and without loss of generality we can normalise
it to unity. To prove our main result we represent our walk in Fourier space
and we define our discrete Fourier transform convention here. Let ψˆa(t, kx, ky),
with a = {L,R}, be the Fourier transform of ψa(t, xl, ym). We use the follow-
ing conventions for the forward and inverse Fourier transforms, with Fourier
variables (kx, ky) ∈ [−pi, pi]
2:
ψˆa(t, kx, ky) =
∞∑
l=−∞
∞∑
m=−∞
e−ikxle−ikymψa(t, xl, ym) ≡ F(ψ
a) (9)
ψa(t, xl, ym) =
1
(2pi)2
∫ pi
−pi
dkx
∫ pi
−pi
dkye
ikxleikymψˆa(t, kx, ky) ≡ F
−1(ψ̂a).
(10)
A standard procedure is to represent operators in Fourier space as follows:
given an operator O on a function space Y , its Fourier conjugate operator Oˆ
is defined by Oˆfˆ(k) = F(O(f(x))), with f(x) ∈ Y , so that Oˆ is the Fourier
representation of O. In particular, the shift operators Sx and Sy in Fourier
space translate:
F(SxΨ(t)) = ŜxΨˆ(t) = e
ikxσz Ψˆ(t) = Rz(−2kx)Ψˆ (t)
F(SyΨ(t)) = ŜyΨˆ(t) = e
ikyσz Ψˆ(t) = Rz(−2ky)Ψˆ(t).
(11)
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The time evolution Eq. (7) in Fourier space then becomes the following:
Ψˆ(t+∆t) = Ŵ Ψˆ(t) = e
ikxσzCxe
ikyσzCyΨˆ(t) (12)
and Eq. (8) reduces to :
ĤΨˆ(t) = i∂tΨˆ(t) = i lim
∆t→0
(eikxσzCxe
ikyσzCy)
τ − I
τ∆t
Ψˆ(t). (13)
3 Continuum limit and scalings
In order to find the continuum limit in equation (13), let us first parametrise
the four real parameters defining the quantum coin, as follows:
ζj = ζ0j + ζ1j∆t
θj = θ0j + θ1j∆t
φj = φ0j + φ1j∆t.
(14)
Altogether, these jets define a family of QWs indexed by ∆t, whose embed-
ding in spacetime, and defining angles, depend on ∆t. The continuum limit of
Eq.(13) can then be investigated by Taylor expanding Ψ(t) around (tn, xl, ym).
Using Eq.(14), and expanding around∆t = 0, the rotation matrices Rm(w)
read:
Rm(w) ≃ Rm(w0)(1 −
iw1∆t
2
σm +O(∆
2
t )) (15)
where w = ζ,θ,φ and m = x, y. We also recover the first order of the split-step
unitary operator, leaving the proof to Appendix A:
Ŵ ≃ eiδ(A−
i∆t
2
B +O(∆2t )) (16)
where A = AxAy, B = AxBy +BxAy, δ = δx + δy and
Aj = Rz(ζ
′
0j)Ry(θ0j)Rz(φ0j)
Bj = ζ1jσzAj + θ1jσyRz(−2ζ
′
0j)Aj + φ1jAjσz
ζ′0j = ζ0j − 2kj .
(17)
Finally, in order to compute the leading orders of Eq. (13) we need to compute
the τ th−power of the above operator. The τ th−power of W :
Ŵ τ ≃ eiδτ (A−
i∆t
2
B)τ = (eiδA)τ (I−
i∆t
2
A−1
τ−1∑
j=0
A−jBAj +O(∆2t )). (18)
For detailed proof of Eq. 18, see Appendix A.
Now we have the following two lemmas:
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Lemma 1 The continuous time limit as defined in Eq. (13) will be indepen-
dent of any O(∆2t ) terms in the parameters ζ, θ, and φ.
Proof We see that the only contribution of the O(∆2t ) terms in the parameters
ζ, θ, and φ will be in the O(∆2t ) term. The O(∆
2
t ) term in Eq. (18) does not
contribute to the continuous time limit defined in Eq. (13) because it goes to
zero as the limit is taken. Thus, the O(∆2t ) terms in the parameters ζ, θ, and
φ do not contribute to the continuous time limit.
Lemma 2 There is no continuous time limit as defined in Eq. (13) for τ = 1.
Proof For the Hamiltonian in Eq. (13) to be finite, Ŵ τ must equal I+O(∆t),
and thus Ŵ must equal I + O(∆t) as well. Therefore, from Eq. (18), (e
iδA)τ
must equal identity if Ŵ = I + O(∆t). The only unitary operator e
iδA that
could possibly satisfy (eiδA)τ = I for τ = 1 is the identity operator itself.
But eiδA cannot even equal identity, as A has kx and ky dependence from
containing Ŝx and Ŝy, and the angles are not permitted to depend on kx and
ky, so there is no possible way to cancel out the kx and ky dependence. Thus,
there is no continuous time limit defined in Eq. (13) for τ = 1.
Lemma 3 For the continuous time limit in Eq. (13) to exist, θ0i = 2qpi + pi
for any integer q and i = x or y, θ0j = 2pir for any integer r and j 6= i, and
δ = 2pilτ −
ppi
2 for odd integer p and for any positive integer number l.
Proof Following up on the constraint that (eiδA)τ = I from Eq. (18), let U be
the diagonalization matrix of A, and let D be the matrix of eigenvalues of A.
Then we have the following:
(eiδA)τ = eiτδ(U−1DUU−1DUU−1DU . . .) = eiτδU−1DτU = I (19)
→ eiτδDτ = UU−1 = I→ eiτδDτ = I (20)
so if we set the eigenvalues of eiδA equal to a τ th root of unity e2piil/τ where
l = 0, 1, 2, .. (which is equivalent to the constraint (eiδA)τ = I), we recover the
following constraint equation for θ0x and θ0y:
f(kx, ky) = a cos(g(kx, ky))− b cos(h(kx, ky))− c = 0 (21)
where
a = cos
(
θ0x
2
)
cos
(
θ0y
2
)
,
b = sin
(
θ0x
2
)
sin
(
θ0y
2
)
,
c = cos
(
2pil
n
− δ
)
,
g(kx, ky) =
φ0x + φ0y + ζ
′
0x(kx) + ζ
′
0y(ky)
2
,
h(kx, ky) =
φ0y − φ0x + ζ
′
0x(kx)− ζ
′
0y(ky)
2
1.
(22)
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Notice that the constraint Eq. (46) has to hold for all kx and ky and addi-
tionally, all derivatives of f(kx, ky) with respect to kx and ky must equal zero as
well. Using
∂g(kx,ky)
∂kx
= −1,
∂h(kx,ky)
∂kx
= −1,
∂g(kx,ky)
∂ky
= −1, and
∂h(kx,ky)
∂ky
= 1
we obtain the derivative of f(kx, ky) with respect to kx and ky:
∂f(kx, ky)
∂kx
= a sin(g(kx, ky))− b sin(h(kx, ky)) = 0
∂f(kx, ky)
∂ky
= a sin(g(kx, ky)) + b sin(h(kx, ky)) = 0.
(23)
For both of these equations to be true, we must have the following:
a sin(g(kx, ky)) = 0
b sin(h(kx, ky)) = 0.
(24)
Due to φ0i and ζ0i being parameters which cannot depend on ki, it follows that
sin(g(kx, ky)) cannot equal zero for all values of kx and ky, so the following
must be true:
a = 0→ cos
(
θ0x
2
)
cos
(
θ0y
2
)
= 0→ θ0i = 2qpi + pi for any integer q, and i = x or y
b = 0→ sin
(
θ0x
2
)
sin
(
θ0y
2
)
= 0→ θ0j = 2pir for any integer r, and j 6= i
(25)
In other words, |(θ0x−θ0y) mod 2pi| = pi. This corresponds to either Cx purely
diagonal and Cy purely off-diagonal, or vice-versa. Further, because a, b = 0,
it must be true from Eq. (46) that c = 0→ cos
(
2pil
τ − δ
)
= 0→ δ = 2piln −
ppi
2
for odd integer p and any positive integer number l.
Lemma 4 For the limit defined in Eq. (13) to be finite, τ must be even.
Proof Consider τ even. Substituting our θ constraints from lemma (3) into
(eiδA)τ , where τ = 2w for some integer w, we find that (eiδA)2w = (−e2iδI)w =
I, as A2 = −I and (−e2iδ)w = I for all w. This implies that even powers of τ
will satisfy (eiδA)τ = I. As for odd τ , we can write τ = 2s+1 for some integer
s to obtain the following:
(eiδA)τ = (eiδA)2s+1 = eiδA (26)
This cannot equate to identity, as we showed in lemma (2) that for τ = 1 no
parametrization of A can make eiδA = I. Thus, τ must be even to have a finite
continuum limit as defined in Eq.(13).
Because the constraints on τ and θ0 hold true for all l from the last two
lemmas, we will choose l = 0 for the remainder of the proof without loss of
generality.
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Lemma 5 Let θ0x = 2pim+νpi and θ0y = 2pit+(1−ν)pi, where ν parametrizes
the constraints in Eq. (25). The continuous time limit will exist if H is the
following:
ν = 0 :
H =
1
4
[
θ1x
(
S2xRz(ζ0x) + S
2
yRz(2ζ0y + 2φ0x − 2φ0y)
)
+θ1y
(
Rz(−2φ0y) + S
2
xS
2
yRz(2ζ0x + 2φ0x + 2ζ0y)
)]
σy
(27)
ν = 1 :
H =
1
4
[
θ1x
(
S2xRz(ζ0x) + S
−2
y Rz(−2ζ0y − 2φ0x − 2φ0y)
)
+θ1y
(
Rz(−2φ0y) + S
2
xS
−2
y Rz(2ζ0x − 2φ0x − 2ζ0y)
)]
σy
(28)
Proof We begin by using that A2 = −1, A−1 = −A, and (eiδA)τ = I to reduce
Eq. (18):
Ŵ τ = eiδτ (A−
i∆t
2
B)τ
= (eiδA)τ (I−
i∆t
2
A−1
τ−1∑
j=0
A−jBAj +O(∆2t ))
= I+
i∆t
2
A
τ−1∑
j=0
(−1)jAjBAj +O(∆2t ).
(29)
Now we evaluate the sum by splitting it up into even and odd terms:
A
τ−1∑
j=0
(−1)jAjBAj = A(
τ−1∑
j=odds
(−1)jAjBAj +
τ−2∑
j=evens
(−1)jAjBAj)
= A
τ
2
(−ABA+B) =
τ
2
{A,B}
(30)
Leaving a detailed proof to Appendix B, we have the following for {A,B}:
{A,B} = − θ1y(Rz(−2φ0y) +Rz(2ζ
′
0x + 2φ0x(−1)
ν + 2ζ′0y(−1)
ν))σy
− θ1x(Rz(2ζ
′
0x) +Rz(2ζ
′
0y(−1)
ν − 2φ0y + 2φ0x(−1)
ν))σy
(31)
Now we have the following for Eq. (29):
Ŵ τ = I+
i∆t
2
A
τ−1∑
j=0
(−1)jAjBAj +O(∆2t )
= I+
iτ∆t
4
{A,B}+O(∆2t )
= I−
iτ∆t
4
(θ1y(Rz(−2φ0y) +Rz(2ζ
′
0x + 2φ0x(−1)
ν + 2ζ′0y(−1)
ν))
+ θ1x(Rz(2ζ
′
0x) +Rz(2ζ
′
0y(−1)
ν − 2φ0y + 2φ0x(−1)
ν)))σy +O(∆
2
t )
(32)
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Now we evaluate the limit in Eq. (13):
Ĥ = i lim
∆t→0
(ŜxCxŜyCy)
τ − I
τ∆t
=
1
4
(θ1y(Rz(−2φ0y) +Rz(2ζ
′
0x + 2φ0x(−1)
ν + 2ζ′0y(−1)
ν))
+ θ1x(Rz(2ζ
′
0x) +Rz(2ζ
′
0y(−1)
ν − 2φ0y + 2φ0x(−1)
ν)))σy
(33)
Converting to real space, we get the following
H =
1
4
[
θ1x
(
S2xRz(ζ0x) + S
2(−1)ν
y Rz(2ζ0y(−1)
ν + 2φ0x(−1)
ν − 2φ0y)
)
+θ1y
(
Rz(−2φ0y) + S
2
xS
2(−1)ν
y Rz(2ζ0x + 2φ0x(−1)
ν + 2ζ0y(−1)
ν)
)]
σy
(34)
The equations in lemma (5) are the same as Eq. (34) but for particular choices
of ν. Note the above reduces to the H found in Ref. [19] when the 1D limit is
taken. We conclude the discussion with the following theorem encompassing
our results:
Theorem 1 Let Cj(δj , ζj , θj , φj) be the 2× 2 unitary matrix in Eq. (6), with
the set of angles ζj, θj, φj parametrizing Cj depending on ∆t as: ζj = ζ0j +
ζ1j∆t, θj = θ0j+θ1j∆t, and φj = φ0j+φ1j∆t, with φ0j , ζ0j , θ0j , φ1j , ζ1j , θ1j ∈
R constants. The continuous time limit as defined in Eq. (8) will exist for such
a class of coins if and only if θ0x = 2pim+ νpi and θ0y = 2pit + (1 − ν)pi (for
ν = 0 or 1), δ = δx + δy = −
ppi
2 (for odd integer p), and n is even. The
Hamiltonian obtained in such a limit, for each choice of ν, is the following:
H =
1
4
[
θ1x
(
S2xRz(ζ0x) + S
2(−1)ν
y Rz((−1)
ν2ζ0y + (−1)
ν2φ0x − 2φ0y)
)
+θ1y
(
Rz(−2φ0y) + S
2
xS
2(−1)ν
y Rz(2ζ0x + 2(−1)
νφ0x + 2(−1)
νζ0y)
)]
σy
(35)
Notice that the above Hamiltonian is very general and encompasses the
standard Dirac Hamiltonian on the 2D lattice where the cross-terms finite
derivatives are not included.
4 Plastic Quantum Walk in 2D+1
In this section we will be analyzing the space of coins for which a continu-
ous spacetime and continuous time exists. We begin by explicitly stating the
problem. We use the same model as from section 2, but now we consider an
arbitrary ∆. In Fourier space they are represented by the following operators:
Sx = e
ikx∆σz
Sy = e
iky∆σz .
(36)
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Now we parametrize the time and space steps the same way as in Ref. [1]:
∆t = ε ∆ = ε
a (37)
where a ∈ [0, 1], and a = 1 is the continuous spacetime limit and a = 0 is the
continuous time limit. A word on the stroboscopic step (τ). We wish to find a
quantum walk which admits both a continuous spacetime and continuous time
limit, and we know the τ must be even for the walk to admit a continuous
time limit, so we only consider τ = 2 in this section. In the following, we will
find for which parameters δj, ζj , θj , and φj the continuous spacetime limit
exists and converges to:
ĤΨˆ(t) = i∂tΨˆ(t) = i lim
ε→0
Ŵ 2 − I
2ε
Ψˆ(t)
= i lim
ε→0
(eikxε
aσzCxe
ikyε
aσzCy)
2 − I
2ε
Ψˆ(t).
(38)
We will then intersect these constraints with those found in the previous sec-
tion to determine the quantum walks which admit a continuous time and
continuous spacetime limit. In order to find the continuum limit in equation
(38), let us first parametrise the θ parameter in the following way:
θj = θ0j + θ1jε
b (39)
where b ∈ [0, 1]. Altogether, these jets define a family of QWs indexed by ε,
whose embedding in spacetime, and defining angles, depend on ε. Notice that
we only expand θ in powers of εb, this is because the Eq.(35) doesn’t depend
on the first order of ζ and φ and for plasticity we are interested in the smallest
subset of constraint conditions to derive the continuum limit.
Now we expand SmCm in powers of ε, where m = x, y:
SmCm = e
δmRz(ζ
′
m)Ry(θm)Rz(φm)
= eδmRz(ζ
′
m)
∞∑
nm=−∞
(−
iθ1mσy
2 )
nm
nm!
εnmbRy(θ0m)Rz(φm)
= eδmRz(ζm)
∞∑
lm=−∞
(ikmσz)
lm
lm!
εlma
∞∑
nm=−∞
(−
iθ1mσy
2 )
nm
nm!
εnmbRy(θ0m)Rz(φm)
= eδm
∑
lm,nm
εlma+nmb
(ikm)
lm(− iθ1m2 )
nm
lm!nm!
Rz(ζm)σ
lm
z σ
nm
y Ry(θ0m)Rz(φm)
(40)
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Next we use the above equation to expand SxCxSyCy in powers of ε:
SxCxSyCy = e
i(δx+δy)
∑
lx,nx
ly,ny
εa(lx+ly)+b(nx+ny)
(ikx)
lx(iky)
ly (− iθ1x2 )
nx(−
iθ1y
2 )
ny
lx!ly!nx!ny!
×Rz(ζx)σ
lx
z σ
nx
y Ry(θ0x)Rz(φx)Rz(ζy)σ
ly
z σ
ny
y Ry(θ0y)Rz(φy)
= ei(δx+δy)
∑
lx,nx
ly,ny
εa(lx+ly)+b(nx+ny)νlxlynxny Γˆlxlynxny ,
(41)
where
νlxlynxny =
(ikx)
lx(iky)
ly (− iθ1x2 )
nx(−
iθ1y
2 )
ny
lx!ly!nx!ny!
(42)
and
Γˆlxlynxny = Rz(ζx)σ
lx
z σ
nx
y Ry(θ0x)Rz(φx)Rz(ζy)σ
ly
z σ
ny
y Ry(θ0y)Rz(φy) (43)
Now we have the following for (SxCxSyCy)
2:
(SxCxSyCy)
2 = e2i(δx+δy)(
∑
lx,nx
ly,ny
εa(lx+ly)+b(nx+ny)νlxlynxny Γˆlxlynxny )
2
= e2i(δx+δy)
∑
l1x,l1y
l2x,l2y
∑
n1x,n1y
n2x,n2y
εa(l1x+l1y+l2x+l2y)+b(n1x+n1y+n2x+n2y)
× νl1xl1yn1xn1yνl2xl2yn2xn2y Γˆl1xl1yn1xn1y Γˆl2xl2yn2xn2y
= e2i(δx+δy)ν20000Γˆ
2
0000
+ e2i(δx+δy)
∑
l1x,l1y
l2x,l2y
6=(0,0,0,0)
∑
n1x,n1y
n2x,n2y
6=(0,0,0,0)
εa(l1x+l1y+l2x+l2y)+b(n1x+n1y+n2x+n2y)
× νl1xl1yn1xn1yνl2xl2yn2xn2y Γˆl1xl1yn1xn1y Γˆl2xl2yn2xn2y .
(44)
For the limit in Eq. 38 to exist, e2i(δx+δy)ν20000Γˆ
2
0000 must equal identity, so we
have the following constraint:
e2i(δx+δy)ν20000Γˆ
2
0000
= e2i(δx+δy)Rz(ζx)Ry(θ0x)Rz(φx)Rz(ζy)Ry(θ0y)Rz(φy)
×Rz(ζx)Ry(θ0x)Rz(φx)Rz(ζy)Ry(θ0y)Rz(φy) = I
(45)
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This constraint yields a similar equation as from the continuous time limit in
lemma 3. It is the following (where δ = δx + δy)):
f = cos
(
θ0x
2
)
cos
(
θ0y
2
)
cos
(
φx + φy + ζx + ζy
2
)
− sin
(
θ0x
2
)
sin
(
θ0y
2
)
cos
(
φy − φx + ζx − ζy
2
)
− cos
(
2pil
n
− δ
)
= 0.
(46)
As from section 3, we choose δ such that cos
(
2pil
n − δ
)
= 0. We see a new set
of constraints are available than those found in section 3. The new types of
constraints involve cos
(
φx+φy+ζx+ζy
2
)
equalling zero and any other of the three
products in sin
(
θ0x
2
)
sin
(
θ0y
2
)
cos
(
φy−φx+ζx−ζy
2
)
equalling zero, or cos
(
φy−φx+ζx−ζy
2
)
equalling zero and any other of the three products in cos
(
θ0x
2
)
cos
(
θ0y
2
)
cos
(
φx+φy+ζx+ζy
2
)
equalling zero. Another possible set of parameter constraints from Eq. 46 is
θ0x = 2pim and θ0y = 2pit + pi, which are included in the set of constraints
found in the continuous time limit of section 3.
Now we will determine how choices of a and b change Eq. 44. The only
terms in Eq. 44 that will contribute to the continuum limit will be those of
order ε, which yields a constraint concerning which terms in the sum will be
non-zero after the continuum limit is taken, given a choice of a and b:
a(l1x + l1y + l2x + l2y) + b(n1x + n1y + n2x + n2y) = 1. (47)
Also, since lvm, nvm ∈ Z+ (where v = 1, 2 and m = x, y), a and b must be
in Q for this equation to hold. Another constraint is for terms of order εf to
sum to zero, where 0 < f < 1, since these terms diverge when ε → 0. This
constraint is summarized in the following equation:∑
l1x,l1y
l2x,l2y
6=(0,0,0,0)
∑
n1x,n1y
n2x,n2y
6=(0,0,0,0)
εa(l1x+l1y+l2x+l2y)+b(n1x+n1y+n2x+n2y)
×νl1xl1yn1xn1yνl2xl2yn2xn2y Γˆl1xl1yn1xn1y Γˆl2xl2yn2xn2y
×H(1− a(l1x + l1y + l2x + l2y)− b(n1x + n1y + n2x + n2y)) = 0
(48)
where
H(x) =
{
0 x ≤ 0
1 x > 0.
Upon further analysis, we see that lvm produces a spatial derivative with
respect to m in the term, so cross terms with multiple derivatives will be
terms in the sum with multiple non-zero lvm’s. nvm determines the presence
of the driving parameter θ1m in the term.
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Next we use Eq. 38 to evaluate the limit. Using that F−1(ikm) = ∂m, we
have the following (with δij being the Kronecker delta):
HΨ(x, y, t) =
1
2
∑
l1x,l1y
l2x,l2y
6=(0,0,0,0)
∑
n1x,n1y
n2x,n2y
6=(0,0,0,0)
δa(l1x+l1y+l2x+l2y)+b(n1x+n1y+n2x+n2y) 1
× ν′l1xl1yn1xn1yν
′
l2xl2yn2xn2y Γˆl1xl1yn1xn1y Γˆl2xl2yn2xn2yΨ(x, y, t)
(49)
where
ν′lxlynxny =
∂lxx ∂
ly
y (−
iθ1x
2 )
nx(−
iθ1y
2 )
ny
lx!ly!nx!ny!
(50)
The form of the limit in Eq. 49 is very powerful, as it identifies the type of
PDE obtained for any possible choice of θ and ∆x = ∆y scaling dependence
of ε.
4.1 Example with a = b = 1/2
As an example, we analyze the a = b = 12 scenario. For this case, the only terms
which are not zero by the Kronecker delta in Eq. 49 are those with two of the
lvms equalling 1 and the nvms equalling 0 (6 terms), one lvm equalling 1 and
one nvm equalling 1 (16 terms), two nvms equalling 1 and the lvms equalling
0 (6 terms), and one lvm or nvm equalling 2 with the rest equalling zero (8
terms). In the following section, we will be analyzing each of these terms and
applying constraints to them to uncover the PDE in this continuous spacetime
limit. The main constraints we will be focusing on are the θ0x = 2pim and
θ0y = 2pit+ pi constraints and the constraints from Eq. 48.
We begin by writing the non-divergence constraint from Eq. 48, adapted
to our a = b = 1/2 example:
ε
1
2 (G10000000 +G0100000 +G00100000 +G00010000
+G00001000 +G00000100 +G00000010 +G00000001) = 0.
(51)
where
Gl1xl2xl1y l2yn1xn2xn1yn2y = νl1xl1yn1xn1yνl2xl2yn2xn2y Γˆl1xl1yn1xn1y Γˆl2xl2yn2xn2y
(52)
Collecting terms of order θ1x, θ1y, ∂x, and ∂y and setting each to zero, we
obtain the following constraint equations (where a1 = φx+ζy and a2 = φy+ζx):
θ1x: Rz(a1)Ry(θ0y)Rz(a2) +Rz(−a1)Ry(θ0y)Rz(−a2) = 0
θ1y: Rz(a2)Ry(θ0x)Rz(a1) +Rz(−a2)Ry(θ0x)Rz(−a1) = 0
∂x: Ry(θ0x)Rz(a1)Ry(θ0y) +Ry(−θ0x)Rz(a1)Ry(−θ0y) = 0
∂y: Ry(θ0y)Rz(a2)Ry(θ0x) +Ry(−θ0y)Rz(a2)Ry(−θ0x) = 0.
(53)
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When plugging in θ0x = 2pim and θ0y = 2pit + pi in these equations, we see
that first two equations in Eqs. 53 are satisfied only if a1 =
pi
2 (α + 1) and
a2 =
pi
2β (for integer α and β). We will be referring to these constraints when
analyzing the terms with two of the nvms equalling one and terms with one
nvm equalling 2.
Now we analyze the terms themselves. We first analyze the terms with two
of the lvms equalling one and terms with one lvm equalling 2. We will see that
the one term with l1m = 1 and l2m = 1 will cancel with the term with l1m = 2
and the term with l2m = 2 when the constraints θx = 2pim, θy = 2pit + pi
are used. We begin by writing ν′ν′Γˆ Γˆ for terms with nvm = 0 (we call it
tl1xl2xl1yl2y ):
tl1xl2xl1y l2y = ν
′
l1xl1y00ν
′
l2xl2y00Γˆl1xl1y00Γˆl2xl2y00
=
∂l1x+l2xx ∂
l1y+l2y
y
l1x!l2x!l1y!l2y!
×Rz(ζx)σ
l1x
z Ry(θ0x)Rz(φx)Rz(ζy)σ
l1y
z Ry(θ0y)Rz(φy)
×Rz(ζx)σ
l2x
z Ry(θ0x)Rz(φx)Rz(ζy)σ
l2y
z Ry(θ0y)Rz(φy).
(54)
We will analyze terms proportional to ∂2x, ∂
2
y , and ∂x∂y. For the ∂
2
x terms, the
relevant part of Eq. 54 is the following:
tl1xl2x00 ∝ σ
l1x
z Ry(θ0x)Rz(φx)Rz(ζy)Ry(θ0y)σ
l2x
z /l1x!l2x! (55)
Now we compute the relevant part of the sum t1100+ t2000+ t0200 (that is, the
sum of the terms proportional to ∂2x):
t1100 + t2000 + t0200 ∝ σzRy(θ0x)Rz(φx)Rz(ζy)Ry(θ0y)σz
+ σ2zRy(θ0x)Rz(φx)Rz(ζy)Ry(θ0y)/2
+Ry(θ0x)Rz(φx)Rz(ζy)Ry(θ0y)σ
2
z/2
= Ry(−θ0x)Rz(φx)Rz(ζy)Ry(−θ0y)
+Ry(θ0x)Rz(φx)Rz(ζy)Ry(θ0y)
(56)
Applying the constraints θx = 2pim, θy = 2pit+ pi, we obtain the following:
t1100 + t2000 + t0200
∝ (−1)mRz(φx)Rz(ζy)(iσy) + (−1)
mRz(φx)Rz(ζy)(−iσy) = 0.
(57)
A cancellation also occurs for terms proportional to ∂2y by the same reason-
ing. Concerning terms proportional to ∂x∂y, they will not be present if any
constraint with θx or θy being equal to an integer multiple of pi is used (see
Appendix C).
Now we analyze the terms with two of the nvms equalling one and terms
with one nvms equalling 2. These terms are interpreted as mass terms in the
continuum limit, as they are not proportional to any derivatives. We will see
that a constraint in Eq. 48 which enforces no divergences when ε→ 0 cancels
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these terms, even before any constraints from Eq. 46 are used. As before, we
begin by writing ν′ν′Γˆ Γˆ for terms with lvm = 0 (we call it t˜n1xn2xn1yn2y ):
t˜n1xn2xn1yn2y = ν
′
00n1xn1yν
′
00n2xn2y Γˆ00n1xn1y Γˆ00n2xn2y
=
(− iθ1x2 )
n1x+n2x(−
iθ1y
2 )
n1y+n2y
n1x!n2x!n1y!n2y!
×Rz(ζx)σ
n1x
y Ry(θ0x)Rz(φx)Rz(ζy)σ
n1y
y Ry(θ0y)Rz(φy)
×Rz(ζx)σ
n2x
y Ry(θ0x)Rz(φx)Rz(ζy)σ
n2y
y Ry(θ0y)Rz(φy).
(58)
We will analyze terms proportional to θ21x, θ
2
1y, and θ1xθ1y. For terms propor-
tional to θ21x, the relevant part of Eq. 58 is the following:
t˜n1xn2x00 ∝ σ
n1x
y Rz(φx)Rz(ζy)Ry(θ0y)Rz(φy)Rz(ζx)σ
n2x
y /n1x!n2x! (59)
Now we compute the relevant part of the sum t˜1100+ t˜2000+ t˜0200 (that is, the
sum of the terms proportional to θ21x):
t˜1100 + t˜2000 + t˜0200 ∝ σyRz(φx)Rz(ζy)Ry(θ0y)Rz(φy)Rz(ζx)σy
+ σ2yRz(φx)Rz(ζy)Ry(θ0y)Rz(φy)Rz(ζx)/2
+Rz(φx)Rz(ζy)Ry(θ0y)Rz(φy)Rz(ζx)σ
2
y/2
= Rz(−φx)Rz(−ζy)Ry(θ0y)Rz(−φy)Rz(−ζx)
+Rz(φx)Rz(ζy)Ry(θ0y)Rz(φy)Rz(ζx)
(60)
These terms do not cancel when the constraints θx = 2pim and θy = 2pit+pi are
used, rather they cancel when the θ1y non-divergence constraint from Eq. 53
is imposed.
Next, we analyze the terms with one lvm and one nnm. First we write
ν′ν′Γˆ Γˆ for all lvm and nvm (we denote it as tˆl1xl2xl1yl2yn1xn2xn1yn2y ):
tˆl1xl2xl1yl2yn1xn2xn1yn2y = ∂
l1x+l2x
x ∂
l1y+l2y
y (
−iθ1x
2
)n1x+n2x(
−iθ1y
2
)n1y+n2y
×Rz(ζx)σ
l1x
z σ
n1x
y Ry(θ0x)Rz(a1)σ
l1y
z σ
n1y
y Ry(θ0y)Rz(a2)
× σl2xz σ
n2x
y Ry(θ0x)Rz(a1)σ
l2y
z σ
n2y
y Ry(θ0y)Rz(φy).
(61)
Now we reduce the above expression by plugging in the constraints θx = 2pim
and θy = 2pit+ pi:
tˆl1xl2xl1yl2yn1xn2xn1yn2y = −∂
l1x+l2x
x ∂
l1y+l2y
y (
−iθ1x
2
)n1x+n2x(
−iθ1y
2
)n1y+n2y
×Rz(ζx)σ
l1x
z σ
n1x
y Rz(a1)σ
l1y
z σ
n1y+1
y Rz(a2)σ
l2x
z σ
n2x
y
×Rz(a1)σ
l2y
z σ
n2y+1
y Rz(φy).
(62)
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Thus we collect terms proportional to θ1x∂x, θ1y∂y, θ1x∂y, and θ1y∂x. First
θ1x∂x:∑
l1x,l2x
n1x,n2x
={0,1}
tˆl1xl2x00n1xn2x00 = ∂x
iθ1x
2
Rz(ζx)σ
l1x
z σ
n1x
y Rz(a1)σyRz(a2)σ
l2x
z σ
n2x
y
×Rz(a1)σyRz(φy)
= iθ1x∂xσzRz(2(φy + ζx)).
(63)
Finally the θ1y∂y term:∑
l1y,l2y
n1y,n2y
={0,1}
tˆ00l1y l2y00n1yn2y = ∂y
iθ1y
2
Rz(ζx)Rz(a1)σ
l1y
z σ
n1y+1
y Rz(a2)
×Rz(a1)σ
l2y
z σ
n2y+1
y Rz(φy)
= iθ1y∂yσzσyRz(2φy).
(64)
The θ1x∂y term:∑
l1x,l2x
n1y,n2y
={0,1}
tˆl1xl2x0000n1yn2y = ∂y
iθ1x
2
Rz(ζx)σ
l1x
z Rz(a1)σ
n1y+1
y Rz(a2)σ
l2x
z
×Rz(a1)σ
n2y+1
y Rz(φy)
= iθ1x∂yσzσyRz(−2(ζx + ζy + φx)),
(65)
and the last θ1y∂x term:∑
l1y,l2y
n1x,n2x
={0,1}
tˆ00l1yl2yn1xn2x00 = ∂x
iθ1y
2
Rz(ζx)σ
n1x
y Rz(a1)σ
l1y
z σyRz(a2)σ
n2x
y
×Rz(a1)σ
l2y
z σyRz(φy)
= iθ1y∂xσzσyRz(−2(ζx + ζy + φx)).
(66)
These are the only non-zero terms in the continuum limit, so the full continuum
limit time evolution equation for a = b = 1/2 is the following:
∂tΨ(x, y, t) = (Pˆx∂x + Pˆy∂y)Ψ(x, y, t) (67)
where
Pˆx = iθ1xσzRz(2(φy + ζx)) + iθ1yσzσyRz(−2(ζx + ζy + φx))
Pˆy = iθ1yσzσyRz(2φy) + iθ1xσzσyRz(−2(ζx + ζy + φx))
(68)
It can also easily be seen that [Pˆx, Pˆy] 6= 0 for all values of ζx, ζy, φx, φy, θ1x,
and θ1y.
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5 Conclusion
We introduced a QW over the 2D+1 spacetime grid, and we parametrised the
walk with 9 parameters (4 for each coin, and 1 for the stroboscopic time step).
We further allowed the coin parameters to be truncated Taylor polynomial at
first order ε, which introduced 8 more free parameters. We showed that some
of those parameters (the θ0i, i = x, y), must constrained in a particular way
for the continuous time and continuous spacetime limit to exist, and that the
stroboscopic time step τ must be even to have both. We called this large family
of QWs plastic. We then used these constraint equations to derive a lattice
Hamiltonian on a 2D-grid in continuous time (i.e. for∆ = 1) and a very general
transport equation with dispersion terms in 2+ 1 spacetime dimensions when
both ∆t and ∆ tend to zero. In particular we have shown that this last PDE
includes the massless Dirac Equation. This opens the route for elaborating
QW-based quantum simulators of interacting particles admitting both non
relativistic (∆t ≪ ∆) and relativistic regime (∆t ≃ ∆) in a very elegant way.
Moreover, the non-relativistic, naive lattice fermion Hamiltonians are known to
suffer the fermion-doubling problem, i.e. a spurious degree of freedom. On the
other hand, the DTQW does not suffer this problem. An intriguing question
is whether the model hereby presented, suffers this problem or not. We leave
this as an open question. Moreover, the methods used in this work lay the
groundwork for use in a general nD+1 dimensional DTQW continuous time
limit.
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Appendix A W Expansion
We wish to expand Ŵ τ to first order in ∆t. We begin by expanding ŜmCm up
to O(∆2t ), where m = x, y:
ŜmCm = e
iδm [Rz(ζ
′
m)Ry(θ0m)Rz(φm)−
i∆t
2
(ζ1mσzRz(ζ
′
m)Ry(θ0m)Rz(φm)
+ θ1mσyRz(−2ζ
′
m)Rz(ζ
′
m)Ry(θ0m)Rz(φm)
+ φ1mRz(ζ
′
m)Ry(θ0m)Rz(φm)σz) +O(∆
2
t )]
= eiδm(Am −
i∆t
2
Bm +O(∆
2
t ))
(69)
Now we can combine the product of ŜxCx and ŜyCy up to O(∆t):
Ŵ = ŜxCxŜyCy = e
iδx(Ax −
i∆t
2
Bx +O(∆
2
t ))e
iδy (Ay −
i∆t
2
By +O(∆
2
t ))
= ei(δx+δy)(AxAy −
i∆t
2
(AxBy +BxAy) + O(∆
2
t ))
= eiδ(A−
i∆t
2
B +O(∆2t ))
(70)
And now we expand Ŵ τ in powers of ∆t:
Ŵ τ = (ŜxCxŜyCy)
τ = eiδτ (A−
i∆t
2
B +O(∆2t ))
τ
= eiδτ (Aτ −
i∆t
2
(Aτ−1B +Aτ−2BA+ ...+ABAτ−2 +BAτ−1) +O(∆2t ))
= eiδτ (Aτ −
i∆t
2
τ−1∑
j=0
Aτ−1−jBAj +O(∆2t ))
= (eiδA)τ (1−
i∆t
2
A−1
τ−1∑
j=0
A−jBAj +O(∆2t ))
(71)
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Appendix B {A,B} Expansion
We begin by expanding {A,B} in terms of Ax, Ay , Bx, and By, using A =
AxAy and B = AxBy +BxAy:
{A,B} = AxAyAxBy +AxByAxAy + AxAyBxAy +BxAyAxAy. (72)
Now we expand further usingBm = ζ1mσzAm+θ1mσyRz(−2ζ
′
m)Am+φ1mAmσz
(where m = x or y):
{A,B} =ζ1yAxAyAxσzAy + θ1yAxAyAxσyRz(−2ζ
′
0y)Ay + φ1yAxAyAxAyσz
+ζ1yAxσzAyAxAy + θ1yAxσyRz(−2ζ
′
0y)AyAxAy + φ1yAxAyσzAxAy
+ζ1xAxAyσzAxAy + θ1xAxAyσyRz(−2ζ
′
0x)AxAy + φ1xAxAyAxσzAy
+ζ1xσzAxAyAxAy + θ1xσyRz(−2ζ
′
0x)AxAyAxAy + φ1xAxσzAyAxAy.
(73)
Using σzAx = (−1)
νAxσz and σzAy = (−1)
ν+1Ayσz , it can be shown that
the first and third columns of Eq. (73) cancel. Now we expand the remaining
terms using Am = Rz(ζ
′
m)Ry(θ0m)Rz(φm):
θ1yAxAyAxσyRz(−2ζ
′
0y)Ay = −θ1yRz(−2φ0y)σy
θ1yAxσyRz(−2ζ
′
0y)AyAxAy = −θ1yRz(2ζ
′
0x + 2φ0x(−1)
ν + 2ζ′0y(−1)
ν)σy
θ1xAxAyσyRz(−2ζ
′
0x)AxAy = −θ1xRz(2ζ
′
0y(−1)
ν − 2φ0y + 2φ0x(−1)
ν)σy
θ1xσyRz(−2ζ
′
0x)AxAyAxAy = −θ1xRz(2ζ
′
0x)σy .
(74)
Putting it all together, we have the following for {A,B}:
{A,B} = − θ1y(Rz(−2φ0y) +Rz(2ζ
′
0x + 2φ0x(−1)
ν + 2ζ′0y(−1)
ν))σy
− θ1x(Rz(2ζ
′
0x) +Rz(2ζ
′
0y(−1)
ν − 2φ0y + 2φ0x(−1)
ν))σy
(75)
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Appendix C Cross Term Constraint
In this section, we will deduce for which constraints from section 4 do the re-
sulting continuum limit PDEs include a cross derivative term. We will find that
the only constraints which will have cross terms will be the pair cos
(
φx+φy+ζx+ζy
2
)
=
cos
(
a1+a2
2
)
= 0→ a1+a2 = 2pim+pi and cos
(
a1−a2
2
)
= 0→ a1−a2 = 2pit+pi.
We first reiterate the definitions of Γˆlxlynxny and ν
′
lxlynxny
:
Γˆlxlynxny = Rz(ζx)σ
lx
z σ
nx
y Ry(θ0x)Rz(φx)Rz(ζy)σ
ly
z σ
ny
y Ry(θ0y)Rz(φy)
ν′lxlynxny =
(∂x)
lx(∂y)
ly (− iθ1x2 )
nx(−
iθ1y
2 )
ny
lx!ly!nx!ny!
(76)
Since cross terms have all nvms equal to zero and two lvms equal to one,
we write the proportionality expression for ν′l1xl1y00ν
′
l2xl2y00
Γˆl1xl1y00Γˆl2xl2y00
(where a1 = φx + ζy and a2 = φy + ζx):
ν′l1xl1y00ν
′
l2xl2y00Γˆl1xl1y00Γˆl2xl2y00 ∝ ∂
l1x+l2x
x ∂
l1y+l2y
y
×Rz(ζx)σ
l1x
z Ry(θ0x)Rz(φx)Rz(ζy)σ
l2x
z Ry(θ0y)Rz(φy)
×Rz(ζx)σ
l1y
z Ry(θ0x)Rz(φx)Rz(ζy)σ
l2y
z Ry(θ0y)Rz(φy)
= ∂l1x+l2x1x ∂
l1y+l2y
1y
×Rz(ζx)σ
l1x
z Ry(θ0x)Rz(a1)σ
l2x
z Ry(θ0y)Rz(a2)
× σl1yz Ry(θ0x)Rz(a1)σ
l2y
z Ry(θ0y)Rz(φy)
= ∂l1x+l2x1x ∂
l1y+l2y
1y σ
l1x+l1y+l2x+l1y
z Rz(ζx)
×Ry((−1)
l1y+l2x+l1yθ0x)Rz(a1)Ry((−1)
l2x+l1yθ0y)
×Rz(a2)Ry((−1)
l2yθ0x)Rz(a1)Ry(θ0y)Rz(φy)
(77)
Since each cross term will be proportional to ∂x∂y, we define the following
matrix to contain the relevant parts of the above equation to our analysis:
Jˆl1xl1y l2xl2y = Ry((−1)
l1y+l2x+l2yθ0x)Rz(a1)Ry((−1)
l2x+l2yθ0y)Rz(a2)Ry((−1)
l2yθ0x)
(78)
For the cross derivative terms in Eq. 49 to cancel, the following must be true:
Jˆ1100 + Jˆ1001 + Jˆ0110 + Jˆ0011 = 0
→ Ry(−θ0x)Rz(a1)Ry(θ0y)Rz(a2)Ry(θ0x)
+Ry(−θ0x)Rz(a1)Ry(−θ0y)Rz(a2)Ry(−θ0x)
+Ry(θ0x)Rz(a1)Ry(−θ0y)Rz(a2)Ry(θ0x)
+Ry(θ0x)Rz(a1)Ry(θ0y)Rz(a2)Ry(−θ0x) = 0
(79)
We see that either the first two terms can cancel when the ∂y non-divergent
constraint in Eq. 53 is imposed, or the second and fourth term can cancel when
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the ∂x non-divergent constraint in Eq. 53 is imposed. When the ∂y constraint
is imposed again, the above equation reduces to the following:
Ry(−2θy)−Ry(2θy) = 0→ θy = npi for n=1, 2, 3, .... (80)
Similarly, when the ∂x constraint is imposed again, we recover the following:
Ry(−2θx)−Ry(2θx) = 0→ θx = mpi for m=1, 2, 3, .... (81)
Thus, we see that these cross derivative terms will cancel with either θx or
θy equal to an integer multiple of pi. Therefore, most of the constraints will
contain no cross terms. The only set of constraints which will have cross terms
will be the pair cos
(
φx+φy+ζx+ζy
2
)
= cos
(
a1+a2
2
)
= 0 → a1 + a2 = 2pim + pi
and cos
(
a1−a2
2
)
= 0 → a1 − a2 = 2pit+ pi, as there is no constraints on θx or
θy equalling an integer multiple of pi.
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